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VL On a Spherical Vortex. 

By M. J. M. Hill, M.A., D.Sc, Professor of Mathematics at University College, 

London. 

Communicated hy Professor HenbicIj FM.S. 

Receiyed January 19,^ — Read Marcli 1, 1894, 

1. In a paper published by the author in the * Philosophical Transactions^ for 1884, 
'^ On the Motion of Fluid, part of which is moving rotationally and part irrotationally,^' 
a certain case of motion, symmetrical with regard to an axis, was noticed (see pp. 
40.3-405). 

Taking the axis of symmetrj?- as axis of sj, and the distance of any point from it as r^ 
and allowing for a difference of notation, it was shown that the surfaces 

'^ I Ti + "^ — T~^ 1 ) = constant, 



a" e 



where a, c are fixed constants, and Z any arbitrary function of the time, always 
contain the same particles of fluid in a possible case of motion. 

The surfaces are of invariable form. If the constant be less than — |^a^, the 
surfaces are ima,ginary ; if the constant lie between — ^a^ and zero they are ring- 
shaped ; if the constant be zero, the single surface represented breaks up into an 
evanescent cylinder and an ellipsoid of revolution ; if the constant be positive, the 
surfaces have the axis of revolution for an asymptote. 

The velocity perpendicular to the axis of symmetry is 

2Jr(z-Z); 
the velocity parallelto the axis of symmetry is 

Z-f(2r^-a;')-2|(.-Z)^; 



where k is Si fixed constant and Z = dZ/dt. 



2^7.94 
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These expressions (which make the velocity infinitely great at infinity) cannot 
apply to a possible case of fluid motion extending to infinity. Hence the fluid moving 
in the above manner must be limited by a surface of finite dimensions. This limiting 
surface must always contain the same particles of fluid. 

Where, as in the present case, the surfaces containing the same particles of fluid 
are of invariable form, it is possible to imagine the fluid limited by any one of them, 
provided a rigid frictionless boundary having the shape of the limiting surface be 
supplied, and the boundary be supposed to move parallel to the axis ot z with velocity 

Z. Then the above expressions give the velocity components of a possible rotational 
motion inside the boundary. So much was pointed out in the paper cited above. 

2. But a case of much greater interest is obtained when it is possible to limit the 
fluid moving in the above manner by one of the surfaces containing always the same 
particles of fluid, and to discover either an irrotational or rotational motion filling all 
space external to the limiting surface which is continuous with the motion inside 
it as regards velocity normal to the limiting surface and pressure. 

3. It is the object of this paper to discuss such a case, the motion found external to 
the limiting surface being an irrotational motion, and the tangential velocity at the 
limiting surface, as w^ell as the normal velocity, and the pressure being continuous. 

The particular surface (containing the same particles) which is selected is obtained by 
supposing that the constant vanishes, and also that c = a. Then this surface breaks 
up into the evanescent cylinder 

r^ = 0, 
and the sphere 

The molecular rotation is given by co = dJcr/aJ^, so that the molecular rotation along 
the axis vanishes, and therefore the vortex sphere still possesses to some extent the 
character of a vortex ring. 

The irrotational motion outside a sphere moving in a straight line is known, and it 
is shown in this paper that it will be continuous with the rotational motion inside the 
sphere provided a certain relation be satisfied. 

This relation may be expressed thus : — 

The cyclic constant of the spherical vortex is Jive times the product of the radius of 
the sphere and the uniform velocity with ivhich the vortex sphere moves along its axis. 

The analytic expression of the same relation is 

4^* = 3Z. 
Ims maRes 

o) =: 15Zr/(4a^). 
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All the particulars of the motion are placed together in the Table below, in wMch 
the notation employed is as follows : — 

If the velocity parallel to the axis of r be r, and the velocity parallel to the axis of 
z be to, then the molecular rotation is given by 



2(jt) 



ar 



d 



w 



r 



Also p is the pressure, p the density, and V the potential of the impressed forces. 
The minimum value of p/p + V is H/p, where E'/p must be determined from the 
initial conditions. 

Further R, 6 are such that 

r = R sin 6, 

z — Z = Rcosl9. 

The whole motion depends on the following constants : — 

(1.) The radius of the sphere, a. 

(2.) The uniform velocity with which the vortex sphere moves along 

its axis, Z. 
(3.) The minimum value of p/p + Vj viz., n/p. 



Telocity parallel to axis of 



r 



Telocity parallel to axis of z 
pjp 4- Y _ ujp 



Current function . . . . 

Surfaces containing tlie 
same particles of fluid 
throughout the motion 



Telocity potential 



Molecular rotation. , . 
Cyclic constant of vortex 
Kinetic energy .... 



Rotational motion inside sphere. 



3Zr(0~Z)/(2a2) 

Z{5a3-3(0-^Z)3~.6r3}/(2a2) . . . 

9Z3 



At the surface of 
the sphere. 



3Zr3{R3 

SZr^W 



am(4<a^) 



3 



»^}/(4a^) = constant. . 



f Z sin cos , 



Z (1 - I sin3 0) . 



|Z3 cos3 4- irV Z3 



Irrotational motion outside sphere. 



15Zr/(4a^) 



* * * • 



5aZ 



• *•'» •• •♦ 



2S7rpa^Zy21 



Sa^Zr (z - Z) I (2W) 
a3Z{3(^-Z)3~R3}/(2R5) 



m 



9. 

4 



I + {5 - 4 (a/R)3 - (a/R)6} 
_^+ 3 cos^ 0{4i (a/R)3 - (a/R)^} 

- a3Zr3/(2R3) 

Zr2 (R3 -^ a^)l(2m) = constant 



» « « < « • 



• V* 



- a^Z (z ^ Z)/(2R'^) 



• • 



* • 



• • 



TTpoPZr'j'^ 
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4. If c be not. equal to a, then the surface containing the same particles, when the 
constant vanishes, breaks up into an evanescent cylinder and an ellipsoid of 
revolution. 

Now the velocity potential of an ellipsoid moving parallel to an axis is known. 
This velocity potential, with a suitable relation between h and Z, will make the 
normal velocity at the surface of the ellipsoid continuous with the normal velocity of 
the rotational motion inside the ellipsoid, but it does not make the pressure con- 
tinuous. Hence, if fluid can move outside the ellipsoid continuously with the 
rotational motion inside (described in section 1 above), then the motion outside the 
ellipsoid must be a rotational motion. 

5. It cannot be argued that the application of Helmholtz's method to determine 
the whole motion from the distribution of vortices inside the ellipsoid must determine 
an irrotational motion outside the ellipsoid continuous with the rotational motion 
inside, because Helmholtz's method determines the irrotational motion by means of 
the distribution of vortices only when that distribution is known throughout space. 
This is not the case in the problem under discussion. For here the rotationally 
moving liquid has been arbitrarily limited by rejecting all the vortices outside the 
ellipsoid, and it is not known beforehand that the rejection of these vortices is 
possible. 

6. Yet, on account of the interest of the problem, the paper contains a calculation of 
the velocity components in Helmholtz's manner, supposing the only vortices to be 
those inside the ellipsoid, /.^., starting from the values of the velocity components 

u =-^x{z-- Z), 

2k 
V =^~jy{z-Z), 

w = Z-'^ {2x^ + 2/ - a^) _ 2 I (. - Zf, 
the components of the molecular rotation are first foundj viz. : — 






1=0. 

^ V ? 

Then the potentials L, M, N of distributions of matter of densities ^, y-, x™ 
respectively throughout the ellipsoid are determined^ 
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These are, outside the ellipsoid, 



L = — . Ma% (— ; + 



ct' 



y 



r(- 






(^ - Zf 



dib 



a^ ^^^ c^-^to {a? + %of {c^ + ti^f^^ ' 



M = 
N = 0, 



4 1 



2 



a' 









(^ - Z)2^ 



d^ie 



a3 + ^^ c2 + ^^ / (^2 _|_ ,,^)2 (^3 + ^^^1/3 , 



where € is the parameter of the confocal ellipsoid tbrough x^ y, z. 
Then 



BN 


BM 
B^ 


BL 


3¥ 


32 


Ba; 


BM 


BL 



703 



% 



ha^G {^^ + ^ j (^ (^ - Z) 1^ 

^a% (^ + ^ j y (^ - Z) 



t?'26 



dib 



7 d. / 4 , 1 

ka^c I — „ + 



C6^ * C^ 



CO 



1 - 



2r3 



(^ - Z)' 



<^# 



a^ + 10 e^ + u J (^^ + tf^f (c^ + '?^)i/^ ' 



To obtain the corresponding expressions inside the ellipsoid, it is necessary to 
replace € by zero. 

Outside the elhpsoid ;^ . ~~- ^ ^^^ -~ --~ are the difterentiai coemcients ot 

^ ay oz oz ow ow oy 

the potential function 



2 



«c (± + -i) (. - Z) 



/«00 



1 — 



-f" 



(0 - Z)3^ 



(It6 



^24.^ C^ ^U (^^^ + ^0 (^^ + ^^f'^ 



which, with a suitable value of h, gives the potential of the irrotational motion outside 

the ellipsoid moving parallel to the axis z with velocity Z. 

^ , . .- ,, ,,. . , 9F 8M 9L 9lsr 9M 3L , ,. , , , 

But niside the elhpsoid -^ ^^ ? -^- _ _ , -^ ~~ are not respectively equal to 

^ oy oz oz ox ox oy ^ »/ ^ 

the values of u^ v^ w^ from which the investigation commenced. 
In fact 



u 


_ 3P SN 

3^ 3^/ 


BM 
B;s 


V : 


3P 3L 

dy dz 


3N" 
3,aj 


Id : 


BP BM 

dz dx 


3L 



where P is the potential function 

MDCCOXCIV.— A. 



2 F 
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h 



C' 



I ka^c f "i; + - 



2 



cv 



1 \ fOO 

3 



C 



clib 



^{a^ ^^lofiG^' -{-iCfi^ 



[T^z^Z)^^{z^Zf} 






Z 4- 2^ — ka^'G ( -^ + 



. oo 



dib 



a/ 



C^J j^(a^ +^^)3(,/3 + t^)l/3 



{z - Z). 



dN dU dL BN dm dL 



cannot be taken by themselves to 



^ dy oz vz 0.V ox oy 

represent the velocities inside and outside the ellipsoid^ for, though they would 
furnish continuous values of the velocities at the surface of the ellipsoid, they would 
not make the pressure continuous. 



Art. 1. The Equations of Motion. 

If the velocity components of a mass of incompressible fluid at the point x^ y^ % be u, 
V, w at time t ; if the pressure be p, the density p, and the potential of the impressed 
forces V, then the equations of motion are 



dv . dv . dv dv 

3^ dx dy dz 

dia . dio . dia , dio 

Ot 0,V 01/ O'Z 



dy 

dz 



1^ 
P 

P 

V 






V 



\ •/' 



dio j^ dv dw 

dx By dz 







. (IL). 



If the motion be symmetrical with regard to the axis of z, let r = (^^ + V^Y^^^ ^^^d 
let the velocity perpendicular to the axis and away from it be r. 
Then 

. . (Ill), 




« a 



and the equations of motion become 

3t , 3t , or 

ct or oz 

dia dvj dia 

_ — . I ^ ____ j 'if)~ — - 

dt dr dz 



dr 

3-^ 



P 

P 






y 



(IV.), 



dr T 

-— ^ 

Or T 



dw 







iz 



(V.). 
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These are equivalent, on elimination of - — h V, to 

P 



and 



dt 



A 9 ^L 3\ 



1/9: 



IW 



dz dr 



3 8 

_ (rr) + -g^ (w) = 







• « • " 



(VI.), 



fVII ) 

« • • \ 1 JLJk.» I » 



Art. 2. r/ie Equation satisfied by the Current Function. 
From equation (VIT.) it follows that a function i|i exists, such that 






• • • « •• • ft 1? JL.JL.JL9 fa 



Substituting in (VT.), it follows that 



3 1 9-^ d 

dt T dz dr 



r dr dz 



1 /d^^fr , 8^^ 1 d^' 



T^ \ dz^ 8r^ 



r or 



. . {IX. ). 



Hence, the whole motion depends on the current function i// defined by (IX.). 



Art. 3. The Particular Integral selected. 
The following is a particular integral of (IX.) : — 



"^3 



dz^ dr^ 



1 8t|r 

r di"' 



8k . 2^- 



a^ 



<— ■ iw '» w 







\r 



* * • 



(X.), 



where a, c, k are constants. 
A particular integral of (X) is 



^ 



^s J 



^'Ur'-a^) + ^{z~Zf+f{t) 



a' 



r . 



• • • 



(XL). 



where Z and/(i5) are functions of t only. 
Substituting this value of i|^ in (VIII.), 



k 



T = 2 ~Y r (2; — Z), 



k 



k 



to 



2f{z-Zf-2^ (2r"^ - a^ - 2f{t). 



2 F 2 
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Art. 4. The Surfaces which contain the same particles of fluid. 

The next step is to find the surfaces which contain the same particles of fluid 
throughout the motion. 

If X = const, be one family of these surfaces. 



9a. , d\ . dx 



8 S » « » 



)Z 



Therefore 



(^A.11.). 






'7 






2|-(.»-Zy^+2^(2r^~-a^^) + 2/(0 



dx 



1Z 



(XIIL). 



The auxiliary equations for X are 



dt 
1 



dr 



dz 



2^- T (z-Z) - 2^ {z - Zf - 2^ {2r^ - a^) ~ 2/(0 



• • • A p 



(XIV.), 



2~r^(z 



dZ 

dt 



^)lldi + 



k 



k 



2-^ r (^ - Zf + 2-^ r (2r 



a 



a?) 



k 

dr-^- 2'^r^ [z — Z) dz 



k 



-2~r^(.->Z) 



dZ 
dt 



+ 2/(0 



d 



n-"^ ^ 



^{z -Zf-\.^, (r^ 



a- 



a^) 



I 



~ 2>^ (^ - Z) ^ + 2/(0 



■^z 



<iif 



rZZ 



Hence if/(0 =^ "" i "tT ^ """ 2^; one solution of (XIIL) will be 



dt 



X = kr 






cc 






(z - Z) 



r^^^ 



c 



.3 



— 1 



o • • & 



(XV.). 



Hence the component velocities 



Ji 



T = 2-jr{z-Z) 



w = Z~ 2~{2r^ -a^)-2 j{z ~ Zf 



)■ . . . . (XVI.), 



-/ 



belong to a motion in which the surfaces X = const, given by (XV.) contain the same 
particles of fluid throughout the motion. 
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Also by (XT.) 



(^2 -a^)+-^ {z - Zy - \Z 



a^ ^ ' ■ c 



. . . . (XVII. ). 



Art. 5. The Pressure. 



Substituting the above values of r and id in equations (IV.), they become 

a^G^ ^ ^ dT\pl I 

Therefore 

P + ^ = a^(' - ^j - (. - Z) Z - -^ (. - Z)* + ^. (. - Z)^ 

+ an arbitrary function of ^ (XIX.). 



Art. 6. The Molecular Rotation. 



If 2co be the molecular rotation, 






Therefore 

"Y + - 



^ — ' 3 • 3 / ^* * • (XX.). 



Hence the molecular rotation varies as the distance from the axis of symmetry, 
The vortex lines are circles^ whose centres are on the axis of symmetry, and whose 
planes are perpendicular to it. 

Art. 7. Further simplification of the Particular Integral 
Amongst the surfaces given by making X constant in XV., there is one, viz. : — 



kr"^ 



o-l— - — — ■ I 



0. 



which breaks up into the evanescent cylinder 



r — (XXI.). 
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and the ellipsoid of revolution, 







a' 






.2 



0. 



If, further, it be supposed that g =■ a, the ellipsoid becomes the sphere 



r2 -\-{z- Zf = «3 



a t 






The discussion will now be limited to this case. 
In it 

r = 2 -y r (a; ■— Z) 



a 



h 



h 



)>. . . (XXIII) 



ty = Z - 2 -^ (2r2-- an - 2 •■^,- (^ ~ Zf 



m 



bkr 






• • t 



• « « a 



« « « ft e o 



(XXIV.), 



p 



+ V = 



n-S/ ^^ 



a 



a' 



^i-{z-Z)Z-^^{z~Zf + ^^{z-Zf + '^. (XXV.), 



a^ 



C¥ 



where U/p is an arbitrary function of t. 



xjj =1 7 



..3 



k 



^ Ir^ + (, ^ Zf ^ a^} 



2"~" /Li 



1 



A 



!. 



* X = ^ r^ {r=^ 4- (z _ Z)2 - a^ 



a' 



» 6 « 



-/ 



(XXVL). 



* The surfaces X = const, are a particular case of some surfaces that were noticed by Professor Lamb 
in a paper "On the Vibrations of an Elastic Sphere," published in the 'Proceedings of the London 
Mathiematical Society/ vol. 13, p. 205, 

In equation 75 of that paper, viz., 

where 

27% "^ 2717577 



1^ = I w2 {f^ (hr) - f^ (ka)},, 



3 



V^l (^) = I — o -~g + o 



the current function may be written 

Cw' {V-i (hr) - tx (ka)} = Cw' 



^ (,. ^ ^3) + ^-^j^^^^^-^ (.4 ^ ^) 



If we suppose C^^ to be finite, but k 2= 0, this becomes 



or, in the notation of this paper, 
which agrees with the above. 
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Hence, at the surface of the sphere (XXII.), putting 



ZiuO 



r = a sin d 



* • • 



.« • , .» , • . • . ,- - ». 



(X-X. Vil.j, 



2^ sin 6 cos Q 



< • 






li) :^ Z -— 2h sin^ 6 . 



f • « • 



»- 8 • 






|j 



+ V = 2F cos^ 6' + A F — a cos ^Z + 






• 9 






Art. 8. The Irrotational Motion outside the Sphere, 



The velocity potential of a sphere of radius a, moving with velocity Z parallel to 
the axis of 0, at external points, is 



where 



(^ = -- a^Z {z -- Z)/(2RS) = -^ am cos ^/(2R^) . . . (XXXI. ), 



R2 = r^ + (^ - Z) 



3 



(see Basset's 'Hydrodynamics,^ vol. I., Art. 143). 
Whence 

^ = 3aSZr(^^Z)/(2RS) . . . . . 



^ = a^Z {3 (^ ^ Zf - R^} /(2RS) 



• » • » t 



• • t « » . 









i^ + V = a^ [R3 ((2 -Z)Z- Z^} + 3 (2 - Z)3 Z2]/(2E5) 

r 

-a«Z^[R^ + 3(0-Z)-^]/(8R8) + T .... (XXXIV.). 



where T is an arbitrary function of t. 

Hence, at a point on the surface of the sphere (XXII.). 



d^ 



I Z sin 6 cos 6, 



2 



• « 



• * • 



(XXXV.), 



?r = Z(i 



f sin^ (9) . . . 



< » . 



(XXX VI,), 
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^ + V = iacos ^Z - f Z^ + f COS® dZ^ + T . . (XXXVIl.). 

The value of the current function ^, corresponding to the velocity potential ^ of 
(XXXI.) is 

^|s^^ aW/(2RS) ..,-,., (XXXVIII). 

If X == const, be a family of surfaces containing the same particles of fluid 

3X 1 3i|r 3X 1 3i|r 9^ __ ^ /irwT'Y \ 

vt T vz or r dr vr^ ^ ^ 

An integral of this equation is 

o 

for Z being constant. 

3x ___ 3i|r ^ 3i^ , 7\ 
3^ "^ "¥" ¥^^^^ 

3x3-^/^ ^ 

3X 3i|r 

3;>; 3^^ 



therefore 



3x . 1 3-^ 3x 1 3i|r 3x 

dt T dz dr r dr dz 



d« r dz \dr j r or oz 



= 0. 



Hence the surfaces X = const, are 



r^ rV /. a^ 



^ / I _ _^ j ___ consue ^ . . , .9 . ( JL-Lx. K 



2 \ I 



Art. 9. The Conditions for the continuity of the rotational and irrotational motions. 

In order that the motion inside the sphere (XXII.) may be continuous v^ith that 
outside, the equations (XXVIII.) and (XXXV.) must make r = 3^/3n 
Therefore 

The equations (XXIX.) and (XXXVI.) must make iv = d(j)/dz. 
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his leads again to (XLii.). 
The equations (XXX.) and (XXXVII.) must give the same value for p/p + V. 
This requires that 



and 



op _— 9 73 



T = I Z^ + I F + — 



The first and second of these follow from (XLII.), 
The last gives 

T = f f Z^ + 



Hence (XXXIV.) can be written 



P 



+ V = a^Z^ [3 {z -^ Zf ~ R^]/(2RS) 



Therefore 



a'Z^ [3 {z .-- Z)^ + Il^]/(8R8) 



+ 3 2-^ + 



IT 
P 



P 



+ V = iZ^ 



5 — 4 



It 



a 
R 



6 



- + 3 cos^ 6 \i 



a 
E 



3 



a 



6 



ir;i 



I 4 



n 

+7 ^™"-^- 



Hence at the surface of the sphere 






n 



- + V=:iZ^(9C0S^^^+|) + "-" . 



» • « 



(XLIV.). 



Further, outside the sphere R > a, therefore, 



therefore, 



a 
~R 



a 



6 



a 

"e 



^3 



R 



E 



> 



> 0, 



p p 



< « . 

Now using the value k = | Z from (XLII.), putting Z == 0, equations (XXIII.) and 



(XXV.) give inside the sphere 

MDCCCXCIV. — A. 



Zj G" 
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IV - Z W - 3 {z - Zf - 6r2}/(2a2) 



> . 



« « 



. (XLV.) 



P 



+ V 



9Z2 
8a* 



m3 ._ 



L. 



a 



2 



3\3 



((. - Z) 



2_-a3}3 + a' 



+ 



n 



(XL VI.). 



Also from (XXVI.) 



and 



Also from (XXIV.) 



xjj = SZr^ [W - I a2]/(4a^) 



X = SZr^ [R2 _ a2]/(4a2) . 



w = 1 5Z?'/(4a2) 



@ & e 6 



3 E 



9 



. (XLVII). 



. (XLVITI). 



.,«... (XLIX). 



It may be noted that the vahie of p//) + ^ given by (XL VI.) is least when 
(?^^ -— |a^)^ is least, and {(a; — Z)^ — a/}^ is greatest, i.e., when r^ = \a?'^ and 



2; — Z = ; and then 'pjp + V = II/p. 

Hence n/p is the minimum value of 'pjp + V throughout the whole mass of moving 
fluid. 

Further, all points on the circle r == aj ^2^ z -^Z represent the surface 



X 



3ZaV(16) 



for this surface is 



r^ (R3 _ a^) = _ a74, i^., (r^ - ^a^f + r^ (;2 - Zf = 0, 



A neighbouring surface is 



(^^^la^f-{-T^{z--Zf^-2e 



where e is small. 
Putting 



z ■=■ z -\- Z 



.4 



and retaining only the principal terms, it becomes 



,/3 



i«Mi | — r 



^'3 



3/^\2 



(e^/a)^ ' (2e^'a) 



1 



proving that the section by a plane through the axis of z is an infinitely small 
ellipse, with its major axis double the minor axis, the minor axis being perpendicular 
to the direction in which the vortex sphere moves. 
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Art. 10. The Cyclic Constant of the Spherical Vortex, 



The cyclic constant of the vortex is 



■ a JO 



^0) 



dz dr 



=1 



+ « rVia^-^UZr 



-a Jo 



2a^ 



dz dr 



15Z r+ 



a 



4^3 



15Z 



(a^ «- z^) dz 



a 



ah 






o 
o 



+ {{, 



— a 



= 5aZ . 



• J ■«••»'• 



(L.) 



Hence the cyclic constant of the vortex sphere is equal to five times the radius of 
the sphere multiplied by the uniform velocity with which the vortex sphere moves 
parallel to its axis. 



Art. 11. The Kinetic Energy of the Vortex. 



The kinetic energy of the vortex 



wp 



dz 

*> Z - ct Jo 



drr{T^ + id^) 



•Z + a .v|t62-(«-Z)«} Z^ 



+ 45r2 (s - Z)3 - eOa^r^ + 86'r'^ 



TTpZ^ fz + « 



8a^ 



cfe 



z-« 



{25a* - 30a3 (z - Zf + 9 {z - Zf] {a^ - (2 - Zf] 
„+ i {45 (z - Z)2 - 60a-} [a' - (z - Zf^ + 12 {«" - (2 - Z)^}' 



« 

'"^7^ r ' "■ dz { i4a6 - 17a'^ (2 - Z)2 + 3 {z - Zf] 

)C0 Jz - a 



16a 



~~T~ [ 1 ia^ 



\hi^ + fa7} 



237rpZ%'^ 
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The kinetic energy of the irrotational motion outside the vortex is 
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IT 



P 



fCO 



a 



CvJlii 



■TV 

ddW sin (t^ + "^^ 





7rp 



•00 



a 



dOW sin ^Y^-g (3 cos'^ 



1/ f .1. I 



rrp ^ 



fjo? 



o 



Art. 12. The Distribution of Matter tvhich would produce the Velocity Potential 

of the IfTOtational Motion, 

* 

The velocity potential — a^Z (z — Z)/{2W) at points outside the sphere is due to a 
distribution of matter inside the sphere of density 

— 15Z (2J — Z)/(8ira/) . ,.,..... (LI.), 
and the potential of this distribution of matter inside the sphere is 



Z {z -^ Z) {3R^ --• 5a^}/{Aa^) ,,..... (LIL). 



For 



33- 2. a__ 

2 i .. ^- » 



a 



r or 



a« WZ (. - Z) (3E^ - 6fr)\ 






* ■■■ [!■■- V 'n ^jii' ^■-4r' '■ % r* "^ 

\J tt \ JLJI X. JL- -JU « /• 



Further, when R = a 



Z(^'-Z){3R2'--- 5a^}/(4a®) 



and 



a^ti:^ - Z)/(2RS) 



Agaiuj when R = a 



9 
9f 



Z 



and 



4a^ 



a 



5 (^ - Z) (3R^ ^ 5a^) 



9r ^ 



a?Z (z - Z)/(2E3); 



Also when R = a 






rZ (S - Z) 



OZj / 

~^-r{z 



y ' 



\Z {z ~ Z) 



» • • 



2^' 



3ry 

2a? 



Z) 



7' (2 — Z) 



^ 



» « 



(LIV.). 



. . (LV.) 



m 



- 

JU 



4:d 



,{z-Z) {m? - 5a^) = - 



and 







g^ [- a^Z (2 _ Z)/(2R8)] =: 



-— 


z 

2 




or/ 


•UB^tt 


z 

IT 


+ 


2a? ^^ 









3 



/^ « * \ .JLJ V JL» /< 



'Z^S 



xLmA / 



m^ 
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The equations (LIV.) sliow thafc the potential function in (LII.) is continuous with 
the velocity potential of (XXXL) at the sui*face of the sphere. The equations (LV.) 
and (LVl.) show that the differential coefficients are also continuous. Finally (LIII.) 
shows that the density of the distribution of matter is that given in (LI.) 



Art. 13. Expression of the Velocity Components of the Rotational Motion in 

Clebsch's Form, 

Clebsch has proved tliat the velocity components can be expressed as follows :-- - 

^ :=: ^ 4- X - ^LVII ^ 

or ' or ^ ^ 



—t— A ■^^ 

IZ oz 



'W — TT" -4- X ^^^ . .............. (LVIII. ) 



w 



here 



a . a . a 



;>/ I '^ ^"7 I ^^ "'x I'^ — O* • • • • • ' • ♦ ' » (Jji-K. j 



a^ 



a . a 



+ T ~ -f- w ^1 fjb = . , . (LX.) 



^ d . a . a \ / _p 



dt+'d^ + '"d;h=~{^-- + ^ +i{r' + ^o') . . (LXI.) 



The value of X may be taken as 











SZr^ 


(R2_ 


a^)l{ia^). 


(See 


equation 


XT.VIII. 


) 








To find /Xj 


there are the 


ecjuations 
















cU 


d?' 


dz 


d jjb 










1 


T 


VJ 





Therefore 


















dt 
1 




dr 






dz 




3Zr (z ' 


- Z)K2a^) 


Z{5a^ 


^{z 


-Zf 


One 


integ: 


ral c 


)f (T.XIIL 


.) is 
















X 


"— constant, 





9> f « « * » * 



dfjb 
6r3}/(2a3) ~ 



(LXII.) 



. (LXIII.) 



6 » O » • 

3Zr3 {R2 _ aa]/(4«3) ^ 32L/(4a2) (LXIV.), 

where L is some constant. 
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From (LXIV.) it follows that 



r {z-Z) = ^(L + r%3 ~ r*) (LXV.) 



Substituting in (LXIII.) 



Therefore 



Heace 



3Z 

2^2 



dt 



d) 



v/(L + rhi,^ - r*) 



e » ft « • e « 



f 



clr 



3Z 



^(L -f- rho^ - 7^^) 2a^ 



=^ constant . 



« 6 



jJi 



= c 



ih 



on 



] .v/(L + rh(? - T^ 2a\ 



« t 3 6 







. (LXVIL). 



(LXVIII.)= 



"2 



2 7. 



where, after the integration is performed, L must be replaced by r^ {R^ — a ; 
To determine C, it is necessary to substitute in the equation 



dz 



m 



fr 



dz 9r dr dz 



8 8 9 



« (ij-2viA..). 



(/* 0* p 



O r/ 



2a^ 



r + irA^2r) = ^,2rHz^Z) 



2a^ 



4:a^ 






- C {t {W -" a^) + r^} 



dr 



(L + r^a^ - r*)3/3 



» ) r/ 

oL 



- 7--, {2r (E^ - a') + 2r^} - CV^ (2; -^ Z) 



4^3 



clr 



(L + 7'%3 __ ^.4>j3/2 



Therefore 



Therefore 



Hence 



Hence 



tf > r/ 



^ 



a' 



3Z 



2^2 



jU, 



5f 



C = 6. 



dr 



Jv/(L+^"%2-^'') 



15Z 



d < * o ft 



(^JuyLJL. j. 



^ a^ ^ 15Z ^^_, ^^, _ ^3^ 



or 



4.^ 



1 



_r (,^ - Z) 



— {r (li^ — aPj + r^} 



<ir 



(L + r'c^ - T'^y^'^ 



. (LXXL). 



8/^ 15Z 



''f = i?'-'<i''-«') -•■•<^-z))(L + 



C^'/' 



Q 



qA\dh2 



(LXXII.) 



Therefore 
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a 



X 



df 






ifi 



dr 



2a^ 



r (z — Z) 



15Z 



— YT '^^ (^^ ^ ^*^) 



Aw 



' 1 



{r{W — a^) + ^'^} 



c^?' 



3^3 .,4\3/2 



(L + ^3^2 _ ^.t) 






«-/ 



s 



^ -« 



a, 



tv — • X 



;^ 



dz 



ry 



{5a^-3{z- Zf - 6r^] + ^|| r* (R' 



a 



2 



)(^^-z)f 



cf^ 



;2_ /T ■xrVT'tT \ 



Next, dx/dt can be found by means of (LXI.) 



8% 



_(^,v).i,. + ..-.(.-x 



£ 

p 

p 
p 

p. 
p 

V 
p 



+ 






a/>t 

a^ 



% 



\ 



_X 



VfJb 



dfjb 



+ V j — ^ (r^ + W^) '\'\(r-Tri 



a 



it; 



/^ 



1Z 



d/ub 



- f + v)-i(^^+«»»)-x| 



n 



9Z2 
9Z2 



r* _ r%2 + ^-{z-ZY + 2a? {z - 7.f 



4 



Q/v4 L^' (^ '^Z . 



8a 

7? r. 



8cc 



4 



;25a* - 30a^ (^ - Zf - 60r%^ + 9 (^ - Z)*+ 36 {z - Zfr^+ 36r*_; 



+ gr^(K^-a^) 



'15Z 



5Zr2 (2 - Z) 



C^T' 



3^3 _ n.4\3/2 



(L + r%"3 — r*) 



therefore 



he ^ 

dt ~" 



p 8a^ 



xU c/ 



-a^ - 24r^- 12 (^ - Z) 



2 



4«" 



fclr 
(L + ^"^f'f'^ • 



4\3/2 



n''4!\ 



9 « * 



g " y I Mi y i» ■'■ t ' ly .—pay <k 



Next taking U as the potential of the distribution of matter inside the sphere 
which would produce the potential of the irrotational motion outside the sphere 
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U :=zZ{z-^ Z) [Sm - 5a'} /(ia^) 



by equation (LII.), therefore 



3U _ 3Z , 
r 4:ar ^ ^ 



C3a»f*§i?s 



e (.LA.-KV1.), 



^ 



an 



/l</ 



3Z 



Z \% """ /j) •-j- ,1 



i^ 



5Z 
4 



(LXXVIL), 



Hence 



au 

dt 



3Z^ 



4a2 



2{z~ Zf -f R 



2 



UM ,»l . |l «T 



m 



(^ Li A.^ V iil. ). 



a(%-u) _ 

9r 



= — 5X 



(Ir 



r{z-Z)~ ^^ (^^ ~ ^^) + ^'^1 J (L + r^a^ - r*f/^ 



), 



S(x-U) ^ 

3^ 



5X 



1 



,-,-(^-2)71 



(^Zr 



(L + rh(^ ^ r^)m 



« 9 » 6 (3 






a^ 



n 



- If Z^ + 5XZ 



1 



— ')-^( 



/■iiv I /y 



dr 



j(L + rV -7^^)3/3 






therefore 



i 



n 



X-U+ r^ + iiz^H^ 



5X 



rfr 



— ^— _ (^, (R3 _ a^\ + ,.s| - „ (LXXXIL), 

t{z — Z) ^ ^ ^ -^ J(L 4 r^<rr — T^y<^ ^ ^' 



1 
dz 



X — u + 






5X 



-r2(a-Z) 



CZ^^ 



(L + r%2 - r^)3/a 



e 9 



■): 






X-U+|'f" + |fZ2)(^^ 



5XZ 



1 



r^ (z — Z) 



dr ~j 

(L + r%t2 .11^ j 



C » 9 



(LXXXIV.). 
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From (LXXXIII.) and (LXXXIV.) it follows that 



di 



x~'U+\(~ + MZ')dt 



-z 



dz 



X 



-u + fi 



n 



"T 32 



zAdt 



Plence x ~ ^ + ( \- ^^Z^jdt is a function of r and z — Z only, therefore 



3 



a (?j - z) 



X-U+|("+t|Z^)c?« 



— 5X 



■^_r.(,_Z)f_ 



<f7^ 



+ r^Ci^^ 



^.4\3/3 



, (LXXXV.). 



Before proceeding further it is necessary to prove that 



dr 



S/-/2 nA\^/^ 



(L + r%^ - r*) 



r'^ (L + rhv"" — r'^) 



i/2+^Jri(L 



dr 



L ^:^7^ 



^' (L + o'^c^? - r^) 



,4\l/3 



r"^ (L + ^'^<^(^^ — r^) 



't\B/3 



(LXXXVL). 



Differentiating both sides with regard to 7\ an identity is obtained. 
Hence the result holds. 

Making use of (LXXXVI.) in (LXXXIL), and remembering that after the 
integrations in (LXXXVI.) are effected, L may be replaced by r^ {W — a^), 



[x - II + + n 2^; 



dt 



— 5X 



1 r (W - a^) + r^ , 3L 



r [z - Z) r* {z. ^ Z) 



2 g^, I J ^.4 



dr 



L dr 



(L 4- rhc^ - r'^)^/^ Jr^ (L + r%^ - r'^f^j 



= -5\ 



k _ ^ ^ 2 

7'^Ay{h + r%^ — r"^) dr 



dr 



7'* (L 4- r^'ct^ ^^^y/^ 



-L 



dr 



2^4 (L + r^a^ _ ^.4.^^/^ 



1 



15Z 

4a3 



L3 



/V(L + ^%2 - r'*) 



3 



BL 



) 2r4 (L 



dr 



dL 



dr 



+ r'^ct'-' — 7 



:4y5/:3 + 2L g J^^^ ^^^ _^ ^^,^^_, _ ^^^^^/2 



15Z 8 



4^2 a 



L^ 



j^'S^L 



^?r 



3/^/3 ..4\l/2 



-^ (L + rht^ - r^) 



• • fi 



....... (LXXXVIL). 



MDCCOXCIV. — A. 



Z; 11 
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Also 



8 



9 (« - Z) 



X 



v + \ 



n 



I 29 



3 2 



Z^]dt 



5X 



1 



— r^ (z — Z) 



clr 



5X 







r^ {z ^ Z) 



(L + rhi^ -~r^f'\ 
1 



+ 4 



c^^^ 



L<:Zr 



_^__^ 15Z -J. 9L 



dr -r r. dr 



l\3/a 



r^) 



f4(L + r%3»».r*)^/^ 



15Z pL^ r 



4- T. 



"3 



J 2 r^L + ?%3._r^f^^ 
9 r cZr 



15Z 9 



4c62 9;^ 



1/ 



dr 



T^ (L + rh(? — r^)^''^ 



JLOxj O 



4a« a (s - Z) 



L^ 



(i^^ 



r^ (L + ?%3 -^ ^^4y/:^^ 



e B © 9 & 



6 






Now by (LXXXVII.) and (LXXXVIII.) 



X 



Therefore 



U 



p 



+ ^-^ L jdt =z -^-^ L 



di^ 



r' 



(L + ^'''^(^^^ — "i ) 



■~TTT/2 '"p const. 



X 



u 



n 

p 



+ If Z^ ) c^f + ^ X^ 






O-^ 



^,4 n _|_ ^.2^^2 _ ^.4^/2 + const. . (LXXXIX.). 



wherOj after the integration has been performed^ L must be replaced by 

4a^X/(3Z). 



Art, 14. The Figiire. 

The figure has been constructed from the two following tables. 
Table I» gives the form of the surfaces 



# 



^^r^(R^.«-a^) 



dK 



which are inside the sphere^ and which always contain the same particles of fluid 
throughout the motion, 

* For the time taken by the particles on one of these surfaces to go once completely ronnd, see the 
Note at the end of the paper. 
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When d^ = ^ cC^, the section of the surface, by a plane through the axis, shrinks 
into a point ellipse whose major axis, which is parallel to the axis of z, is double of its 
minor axis. 

As # diminishes from ^^4 to 0, the surfaces increase in size until finally they 
become merged in the sphere R^ — a^ = 0, and the evanescent cylinder r^ = 0. 

Table IL gives the form of the surfaces 

T^ [I ~ {alB^f} = d\ 

which are outside the sphere, and which always contain the same particles of fluid 
throughout the motion. 




1.3 



O5 the sphere 



When # = 0, the surface merges in the evanescent cylinder r 
1 — a/R = 0, and the imaginary locus 1 + <^l^ + («^/-R)^ = 0. 

As c/ increases from to 00, the surfaces tend to become cylinders. It may be 
noticed that the surface r^ [1 — (a/R)^} = # has the asymptotic cylinder r = cL 
The greatest distance of this surface from the axis is found by putting 2; -— Z = 0, 
and, therefore, R = r. Hence, the greatest distance is a root of the equation 



1 



a 



3 



d\} 



T 



When r =: 10 a IS a root of this equation. 

2 H 2 



236 



PROFESSOR M. J. M. HILL ON A SPHERICAL VORTEX. 



d=10 a I 



m 



1 a 1 1 — T--T7^ j nearly = 1 a — ^^^, 



This result shows how rapidly the disturbance due to the passage of the vortex 
sphere dies away as the distance from the axis increases. 



Table I. —Table for calculating the surfaces of revolution r^(R^ — a^) -= — - #. 



4 



# = 



2a^ 
9 



# 



a' 



# 



a 
6 



i 



# = ^- 



a 



'i 



ct^ 



a'' 
81 



TJa '71 

(0 -- Z)/a 



ria 



•58 -63 -69 

(^•-Z)/a o' -23 '24 



r/a 



r/a 



'53 -55 -6 



(^ - Z)/a 



(0-Z)/a 



TJa 
(0 - Z)/a 



{z - Z)/a 



19 -29 



•46 -5 



•36 -4 



•o 



■6 



'29 '42 



'38 -55 



•11 13 2 



•81 



75 -82 
21 

67 -8 -83 -81 



58 



oo 



3 



d 



32 -22 -14 



64 -7 



'8 *89 



43 -41 '32 



58 -7 



.Q 



8 



•93 



53 -43 



•4 



■5 



■6 



7 •S 



•9 



•95 '99 



88 -87 -84 -78 -7 ^58 -42 -29 



Table II. — ^Table for calculating* the surfaces of revolution -r^ ( 1 



a 
R 



3^ 



cP 



•2> 



,Z3 = a3('l). W« 1'03 1 -9 -8 ^7 '6 '5 -4 -36 -34 '33 -32 

(0-Z)/a -27 -53 '69 '82 -94 1-08 1-33 1*6 1-92 2^28 oo 

(p = a^ (-3), rla VI 1*05 1 '9 •S '7 '6 '57 ^56 -55 

(0 - Z)/a -37 -52 -74 '94 I'lS 1-72 2^28 2*79 oo 

d^z=io?{'h), rla in 1-1 1 -9 ^8 '75 -71 

(^ - Z)/a -46 -77 1-04 1-46 1-94 od 

# = a^ rla 1-325 1^3 1-2 I'l 1 

(0~Z)/a -36 -87 P42 oo 

(13 = ^3(1.6), rla P5 1^4 1*3 1-26 

(0-Z)/a 1-06 2-3 oo 
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Art. 15. Consideration of the case tohere the rotationally moving fluid is limited 

hy the ellipsoid of revolution 



In this case 






r = 2\r{z'--Z) 



w = Z-^ i2r^ ^aPf^^iiz^ Z)\ 



Also 



i^?' 



^+V = ^.(.-=-^j-Z(.-Z)-^-{.-Z)'+f(.-Zf 

+ an arbitrary function of i^. 

Now the velocity potential due to the motion of the ellipsoid, 

A 

moving with velocity Z parallel to the axis of z, is 



(^ =: ^ (^ — . Z) 



00 



dib 



where 



,0 3 



z 



/^ 



(a^ + 2^)1/3 (6^ + '^0^^^ (c^ + ^0^^'^ abc ' 



and € IS the parameter of the confocal ellipsoid through the point x, y, z. See 
Basset's 'Hydrodynamics/ vol, I., Art, 147. 

Then if q be the perpendicular from the centre of the ellipsoid on to a tangent 
plane, the velocity components at the surface are— - 

dx abc^ a? 

^±_ _ 2/^ (z - Z) ^ <fi 

3^ _ 2/^ {z -- z) (f {z - z) r"^_____„ ^L„ ^_„„„_„ 

The normal velocity at the surface is therefore 

(jZ {z — Z) 



.... J 
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and as 

or , g (z — Z) 

is equal to the same expression, it is obvious that the normal velocity is continuous at 
the surface of the ellipsoid. 

But _p//) + V is not continuous. 

For 

^ + V + I + i ( (1^)' + (IJ + (If J ) - an arbitrary function of t, 

and since (taking Z constant), 

^ — -» 7 ^ 
dt '^ dz' 

and since, in this case, h ^=- a 



+ 9 



2 



/^ 



+ 



= an arbitrary function of t. 
Therefore 






I Y I - ^ ^ ^ ^ — '^— J 2 — u .- , r-y- 7372 + "17- 1 ===: an arbitrary function of t. 



But 

therefore 

— - + V = -i~f~^~-^'-^ -f- an arbitrary function of t. 

This value of p/p + V is not continuous with the value of 2^/p + ^ inside the 
eUipsoid. 

Further, on returning: to rectanP'ular axes in three dimensions, 

h 

•iy = Z - 2 4 (2£c2 + 2y' - a^) - 2 4 (^ - Z)^. 
Hence, if f, tj, ^ be the components of the molecular rotation, 
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^ \3.^ dy ) 

Now, Helmholtz's metliod gives the following values for ii^ v, to as deduced from 
L rj> ^^ 

_ ap aN" _ 8M 

dx ' dy dz 
aP , 8L BE" 

3?/ & 9ic 

cz ox cy 

where 

d^V B^P, B^P _ 

Bo;^ B?/^ B;^^ ' 

and L, M, N, are the potentials of ^J^^tt, r)/27T, C/27r respectively, taken throughout the 
rotationally moving fluid. 

Hence, if the rotationally moving fluid be limited to the elUpsoid of revolution 
above, the values of L, M, N may be worked out completely. 

For it is known that a solid ellipsoid of density, ju^, gives for potential outside the 

ellipsoid, 

r/ x^ y^ # \ d% 



1 — 



a^ ^u ¥ + u c^ + uj (a^ + iif^ {¥ + ttf' {(? + uf^ 



where e is the positive value of X satisfying 

a^ 4- X "^ &2 ^ X "^ c^^ + X 

Inside the ellipsoid the potential has the same value if the lower limit of the 
integral, e, be replaced by zero. 

(See a paper, by Mr- Dyson, '* On the Potentials of Ellipsoids," in the ' Quarterly 
Journal of Mathematics,^ vol. 25, 1891.) 

Hence, outside the ellipsoid, 



a 



c^ / 2 -^ J, \ ffS + u c^ + to I (a"' + uf{c^ +^^f'^ ' 






1/2 



N = 0. 
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TJT 



3N 3M 



dy 

3L 



a 



a% {—z'-\ — ^ 



a- 



3 



C' 



M 



dz 


dx 


BM 


BL 


dx 


3^ 



'4h h 



a^c 



"■iilv 



a/ 









c/ 



X (2J — Z) 

- Z) f 



c:?'^6 



c 

00 



1 



{a? + ^6)2 (c^ + uf ' 
du 

27-3 {Z - Zf\ 



du 



a? + u c^ + u / (cfi + uf (c« + ?(.)'/^ 



The values inside the ellipsoid are obtained by replacing e by zero. 
Outside the ellipsoid the expressions 

3X __ BM 

dy dz 

SL _ 3N 

dz 

BM 



dx 
dL 



a 



« 



dy 



dy 

3^ 



wliere 



(j) 



'4:k 



k 



ia^c{j^ + ~ (z^Z) 



«00 



•' e 






{%-Zf 



du 



0? + tb e^ + u ] {a? 4- u) (c- + u)' 



3/2 



as may be immediately verified by diierentiation . 
<^ is obviously a potential function, viz.^ it is what 



i «*" (5 + 1) (^ - z) r (^ 



a? 



,3 



?/ 



(^ -- Z)3^ 



tfe 



ftS + '?^ 53 ^ 1/. C3 ^ ^^ y (^^3 j^ ^^yi2 (J3 ^. ^^>^l/2 (^^g _^, ^^^3/:^ 



becomes when a=>h. 

Moreover, if h be suitably determined, it is the velocity potential for the fluid 
outside the ellipsoid moving with velocity Z parallel to the axis of z, (See Basset's 
'^Hydrodynamics/' vol. I.j Art. 147.) 

Inside the ellipsoid the values of dlSSi/dy — 3M/3.t;, kc, can be deduced by putting 
c = 0, and it appears that they do not give the original expressions for te, v, tiK 

Hence in this case the function P exists. 

xXi IS sucn tinat} 



bp 

dx 

BP 

dy 

BP 

dz 



k 



Zi ^ QC/ \% "—- /jj 



k 



= 2^2/(^-Z) 



4 I 4/1/ Ic 



a% [ — r + 



a 



3 



3 



x{z •-- Z)\ 
2^(^-Z)J 



chb 



3/2 



'^ dtb 

(^ir:^^;^^ 



=:Z-2A(2r^^#)^24(. 



a-^ 






6"^ 

9. 



Z)' 



1 



2r3 



(2 - Z)2 



<fi( 







«.2 + ?6 C" +11, ) («- + tt)^ (fi^ + ^O"'' ' 
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so that 



dP 



ir 



2^-riz-Z)-c^c('^+ * 



n-* 



a' 



C" 



{z-Z) 



X) 



du 



(a^ + ^0' (^' -^ "^'^f ' 



H ence 



h 



L_ 






r" a'^c 



4^. 



4 



a' 



+ 



Z + 2^ — a*c 



+ 



'4k 



a' 



f 



du 



(^3 4- ^^)3 (c3 + uf^^ 



00 



(?'(< 



(«3 + uy (c3 + ^6)1/2 



(r^ (^ ~ Z) - I (2 - Zf) 



{z - Z), 



and P is a potential function, for it satisfies 



a^p , 1 ap . a^p 

-J- — JL. -^ ^- 0. 



It appears, then, that on attempting to obtain the values of the velocity com- 
ponents from the molecular rotations by means of Helmholtz's method, it is necessary 
to introduce the function P. This points to the existence of rotational motion outside 
the ellipsoid (as v^as previously remarked), P being the potential of the irrotational 
motion inside the ellipsoid due to the vortices outside the ellipsoid. 

If P be left out of account altogether, and an attempt be made to see whether the 
velocity components d'N/dy — dM/dz^ dL/dz — d'N/dx, dM/dx — aL/a^, which give con- 
tinuous velocity at the surface of the ellipsoid, will not also give continuous pressure ; 
then inside the ellipsoid 



' = *«*" a+i) '■ (" - z) C 



dtc 



(a^ + 'icf (c^ + tt) 



m 



4 1 ' 



.00 



o .0 



O I 9 



1 



% 



r/\0N 



(z - Z) 



du 



a^ _!_ u c^ -\- to / {cc^ + uf (c3 + 7^)1/2 > 



or putting 



I = ka/'c 



cr 






c^ 



lO) 



die 



^ (6^3 + I^)3(c3 + 7,^)1/3' 



00 



th 



J en 



a- ^ V J 



dto 



n :^ ka^c ( — + -A 



.00 







{a^ ^ i()\c^ -{- uyi^ ' 



dti 



(a^ -f uf {0^ + tof^'^ ' 



T 
ID 



= nr {z — Z), 



I — 27'"m — (2; — Tifn. 



MDCCOXOIV.— A. 



2 I 
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Hence the equations 



dr 9t 9t 

-_-- -i- fj- — --- ^ q^ -~- 

ct or dz 



dw d'w d'W 



d ( ]3 



dr 



d f p 



dt 8'/ 



a, 



a, 



+ VI 



f V 



become 



« 

717' (Z — I) — 2m7l7'^ 



d / p 



or \ p 
2n {z - Z) (Z - Z) + 27i« (z - Zf 



4-^ , 



;> 



3^ 



+ V . 



Therefore 



i- + V = A m»r* + J- '/i (Z - I) r3 + w (Z - Z) (z - Z)^ - ^ tf^ {z ~ Zf 

r 

+ an arbitrary function of ^. 

This value of p/p + V is not continuous with the value of p/p + V for the motion 
outside the eUipsoid. 



Summary op Kesults. 



A, Rotational Motion inside the Sjjhere r^ -^ (z ■— Z)^ ^^ a/'. 



Velocity parallel to axis of r = 3Zr {z — Z)/(2a^) 

Velocity parallel to axis of z =• Z [bcji? — 3 (2; — Zf— 6r'^}/(2a^) 



> 



9 « 



(XLV.). 



7' 



n 



+ V= 9Z3 [(r^' - 1 o.y ~ {{z-Zf- cv'Y^ + «•»]/( 8a*) + ~ . . (XLVL). 

r P 



Current Function ^ = 3Zr^{E^ — f a^}/(4a^) 
Surfaces containing the same particles of fluid 



e » a • e 



• » 



(XL VII.). 



3Zr^{R^ — a^}/(4a^) ^ const. 



o o a o 



d 1 ^\, J-j| y JLJLJL^j /• 



Molecular Rotation =: lbZrl{ia^) . • . . 



5 « s o 



« a e « 



( Ji-J-jizL, ). 



Cyclic Constant of Vortex ^ 5aZ 



o 



»oa««««»«« 



> (L.). 
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B. On the Stir face of the Sphere, 



Velocity parallel to axis of r •= -^ Z sin 6 cos ^ .»,.«. . 



(A A. A. V , ). 



Yelocity parallel to axis of ^ = Z (1 — f sin^ 0) (XXXVL). 



-I- -|-. V = f Z^ COS^ -f onT + ^^ 



* • « 



. . . (XLIV.). 



C Trroiational Motion outside the Sphere. 

m 

Velocity parallel to axis of r = Sa^ZrQ: — Z)/(2R^). ...... (XXXIL). 

Velocity parallel to axis of z = a^Z{S {z - Zf - W]/{2W) .... (XXXITL). 



P 



+ V 



1 72 



4 



a 
It 



4- 3 cos^ li 



a 
~R 

a 



6 



a 



6 



\E 



^ 4 






n 



9 * » 



•)• 



Current Function \j) 



a^'Zry{2W) 



> « 9 « 



ff « C 



(XXX Vlll.). 



Surfaces containing the same particles of fluid 



Zr^ (W -^ a^)/{2W) = const. 



« > » > 



/"Y'T T \ 

9 « I ^ \_ _JLji JL • ft 



Velocity potential = - c/Z {z - Z)I{2B?) ... 



9 « 9 a c 9 e 



/A7 "Y" VT \ 

1 -/. JL. -i^ jL, /. Jk. JL » / • 



Supplementary Kemarks. 

The velocity potential outside the sphere is the same as that which would be 
produced by the distribution throughout the sphere of matter of density 



15Z(^^— Z)/(8'n-a^) , 



9 e * « e (I 9 



(LL). 



The potential of this distribution inside the sphere is 



Z {z - Z) (3R2 - 5a-^)/(4a2) 

^ 1 iW 



> e 9 e e 



. (LII), 
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Calling this potential U, and expressing the velocity components in Clebscpi's 
form, viz., 



wher 



re 



Then 



w 






/* 



a , a ■ a 



= 0, 



0, 



a^ 



s. 



a 



K 



P 



- + ^) + i(T^ + *'^^)- 



X = 3Zr2{R3-a2}/(4a2) 



• ««99»G>9 



19 € Q » 



(XLViir.), 



/^ 



=»f 



dr 



A ft A /Yt^ \ ' 



(L + o^ht^ — r^) 



1^ nr 

2*2 



• • • e »«9ee»o » 



(LXX.), 



X 



= u 



TT • \ 20/7 ^A 2 

-^ + ft ZM c^^ + ~ - 



<:fo' 



r^ (L + ^^f*^^ - r*) 



.4\l/2 



+ const. (LXXXIX.), 



where L is to be replaced by 4a:^X/(3Z) after the integrations with regard to r have 
been performed. 



Note added May 2NDe 



The time taken by the particles on the surface 



r^ (R^ — - a^) = 



# 



to revolve once completely round is 



or putting 



X I * 



it is 



Sir'^'*' "*" ^^^''* -d')~2 sii.^ ^ v/(i«' ~ dyr''' d<j>.. 



\ = 2 (ia* - dji'll^a^ + y(ia* - #)} , 



^ (2 - \f (1 - X Bin^ ^Y'l^ dcj,. 
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The extreme limits of # corresponding to surfa(3es inside the vortex sphere are ^a^ 
and 0, and as # diminishes from ^a'^ to 0, X increases from to 1. 
Putting 

F (X) = (2 - Xyi' t{l - \ sin^ cf>)-'i' dch, 

JO 



/»i 



tff 



F (X) = _ i (2 - X)-"^ cos 2(^ (1 - X sin '^(f,)-'" d<j> 

Jo 



fijf 



= 4 (2 - X)-"^ cos 2(j> [(1 - X cos^ cj,)-"' ~ (1 - X sin^J <^)-^'2] dd>. 

JO 

Since < ^ < 7^7rj every element of the integral is positiv^e. 

Hence F' (X) is positive ; and, therefore, as X increases from to 1, F (X) increases 
from TT to oo . 

Hence as # diminishes from ^a"^ to 0, the time of revolution increases from 
iaTTJBZ to CO . 

The fact, that when # = 0, the time is infinitely great, may be verified by finding 
tlie time along the axis of the vortex sphere from, end to end, and the time along a 
meridian from one end of the axis to the other. 

These are 

2a^ r+^^ d(z-Z) 



2a^ r+ff' 



and 

^ cosec 6 cW, 

oA Jo 

both of which are infinitely great. 

This result does not constitute a difficulty, for if a particle anywhere on the axis of 
the sphere could reach the extremity then it would not be clear along which meridian 
of the sphere it should subsequently move. 

If again the particles on any meridian of the sphere could reach the extremity of 
the axis, there would at that extremity be a collision of the particles coming in from 
all possible meridians. 



